We study a two-dimensional superconductor in close proximity to a twodimensional metallic sheet. The electrons in the superconducting sheet are coupled to those in the metallic sheet by the Coulomb interaction only. We obtain an effective phase-only action for the superconductor by integrating out all the electronic degrees of freedom in the problem. The Coulomb drag of the normal electrons in the metallic sheet is found to make the spectrum of phase-fluctuations in the superconductor, dissipative at long wavelengths.
The study of phase fluctuations in disordered superconductors and Josephson junction arrays has received a great deal of attention [1, 2, 3] over the years as a mechanism for the superconductor-insulator transition [4, 5] in systems with mesoscale disorder. The inhomogenities in these systems exist on a length scale much larger than the superconducting coherence length. The pairing mechanism is therefore believed to be relatively unaffected and the superconductor-insulator transition seen at low temperatures with increasing disorder is believed to be caused by enhanced fluctuations in the phase of the superconducting order parameter. A striking feature of this transition is the connection between an increasing normal state resistance and enhanced phase fluctuations in the superconductor which eventually destroy global phase coherence, thus leading to an insulating state. The discovery of a pseudo-gap phase [6, 7, 8] in the underdoped cuprates has given a renewed impetus to this field because of the possibility [9, 10] that this phase corresponds to a collection of Cooper pairs that have lost global phase coherence.
Recently a superconductor-insulator transition was seen by A. J. Rimberg et. al. [11] in a two-dimensional array of Josephson junctions held within 100 nm of a two-dimensional electron gas (2DEG). A novel aspect of their work was the fact that the transition was achieved by tuning the conductivity of the 2DEG without altering the Josephson junction array directly. Motivated by this experiment we study, in this paper, the phase fluctuations in a 2-D superconductor held in close proximity (at a distance d) from a 2DEG. We model the superconductor by a two-dimensional BCS model together with a random potential and the 2DEG as an electron gas with a random potential. We explicitly include the full longrange Coulomb interaction, both inplane and interplanar. The Coulomb drag caused by the 2DEG is shown to make the long wavelength phase fluctuations in the superconductor dissipative in nature.
The dynamics of the system of electrons is described by the action
where
and
The electrons at (x, τ ) with spin σ are represented by the Grassman field variablesψ σ (x, τ ),
in the superconducting layer (at z = d) and the 2DEG (at z = 0) respectively. Here
Thus, L sc includes the electronic kinetic energy and the coupling of the superconducting electrons at z = d to the Coulomb potential (A 0 ) as well as a random potential (V s ).
The field ∆ is the auxilliary Hubbard-Stratonovich field obtained from the BCS contact interaction and g is the strength of the attractive interaction. L eg describes the 2DEG at z = 0 together with its coupling to a random potential (V e ) and the Coulomb potential.
L ef gives the electric field energy of the system. We do not consider transverse vortex-like fluctuations and so the vector potential can be set equal to zero.
At low temperatures we can ignore fluctuations in the amplitude of the superconducting order parameter and make the replacement [12, 13] 
Then on going over to a gauge in which the order parameter is real [13] , (i.e. making the transformation
We now proceed to integrate out the fermions. We first consider L eg . Then we have
. We then compute S wheren eg is the average electronic density in the 2DEG.
At second order we find that S ef f is given by
.
, n eg (x, τ ) is the electron density fluctuation operator and averages are performed with respect to S eg after setting A 0 to be zero.
We now integrate out the superconducting electrons. Once again we write
Proceeding as before, we find at first order there is no contribution to S sc ef f . At second order we find
Here
n sc represents the electron density fluctuation operator in the superconducting state and p x 1 is the momentum density operator along the x 1 direction. All averages are performed with respect to L sc with A 0 and θ set equal to zero.
Including the electric field energy in L ef we find that the effective action for the system
where S eg ef f and S sc ef f are defined in Eqs. (5) and (8) respectively and
Varying the effective action S ef f with respect to A 0 (x, z, τ ) we obtain the equation of motion to be
Going over to Fourier space by using the transformations
Eq. (13) is an integral equation forÃ 0 (q, k, ν m ). Solving for A 0 (q, d, ν m ) and A 0 (q, 0, ν m )
we find, after some algebra, the relations
Solving Eqs. (14a) and (14b) for A 0 (q, d, ν m ) we find that
Substituting the equation of motion (Eq. (11) ) in the expression for S ef f (Eq. (10)) we find that S ef f becomes
For simplicity, we first consider the limits d → ∞ and d → 0. In the former case we find
Notice that in this limit the layers become decoupled and P 
This in combination with S 2 ef f (Eq. (16c)) is the usual action [13] for phase fluctuations in a two-dimensional superconductor and at long wavelengths the phase fluctuations obey a dispersion relation proportional to q 1/2 .
Assuming that the onset of superfluid order doesn't affect the electronic compressibility very much, we have the relation
where ǫ s (q, ν m ) is the dielectric function of the superconductor in its normal state. This dielectric function, in turn, is related to the normal state conductivity (σ S ) of the superconductor by the relation
at low frequencies. In a similar manner, at low frequencies we have the relation
which is the plasma action for a two-dimensional superconductor.
We now turn our attention to the other limit of d → 0. In this case, we find that
Using the result of Eq. (22) for A 0 and taking the low frequency limit as before we find that S ef f becomes
where σ E is the conductivity of the 2DEG and we have replaced the wavevector and frequency dependent conductivities by their d.c. values in the low energy limit. In writing Eq. (23) we have made use of relations similar to Eqs. 
We will now consider the general expression for A 0 (q, d, ν m ) (Eq. (15)). In this case we find that S ef f becomes
and 
. Now taking the low frequency limit we find that Z(q, ν m ) becomes 
